Abstract. In this paper we prove that the ζ-regularized product over all primes is πe µ , where µ is closely related with the non-trivial zeros of the ζ(s).
Introduction.
The Chebyshev theta function θ(x) is defined by (1.1) θ(x) = p≤x log p, where p runs over primes. There is a simple relationship between θ(x) and the prime-counting function π(x):
Indeed, let p k ∈ P and let a k = k j=1 log p j so a k − a k−1 = log p k , hence we have
The second Chebyshev function ψ(x) is defined similarly, with the sum extending over all prime powers not exceeding x:
where Λ(n) is the von Mangoldt function. ψ(x) can be related to the prime-counting function as follows
Also, ψ(x) has an explicit expression as a sum over the nontrivial zeros of the Riemann zeta function [1, p.104]:
where ρ runs over the nontrivial zeros of the zeta function. The terms on the right side are arranged by decreasing magnitude. Thus 
the constant.
The Riemann ξ function is defined as:
for s ∈ C, where 
the sum of the series 1/ρ is the value of (2.6)
at s = 0. Now logarithmic differentiation of the product formula for Π(s)
The number on the right side of this equation is by definition Euler-Mascheroni constant and is traditionally denoted γ. Thus [3, §41] , [5] , [6] (2.10)
3.
The ζ-regularized product over all primes.
We define the prime zeta function P (s), s = σ + iτ , through
with the summation performed over all primes p. The series converges absolutely when σ > 1. But we also know that [4, p. 70]
where µ(n) is the Möbius function. So it follows that
Taking the logarithmic derivative we get
Now consider the integral
Integration by parts gives (3.6) lim
.
Making x → 0 in (3.5) and combining with (3.6), we get ζ(0) = − Finally, using (2.10), (3.1) and (3.8) we obtain (3.9), where the product is taken over all primes p and µ = 2 + γ − η.
(3.9) p = πe µ
